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Abstract 
Existing research works have identified that Drucker-Prager (DP) plasticity model is capable of modeling the stress-
strain behavior of confined concrete. However, the accuracy of the model largely depends on the adequate evaluation 
of its parameters that determine the yield criterion, hardening/softening rule and flow rule. Up to date, most research 
works mainly focus on the first two criteria. The plastic dilation angle is the major parameter that governs the DP 
flow rule. This paper addresses the plastic dilation properties of concrete for FRP confined circular concrete columns 
under the theoretical framework of DP model in the commercial software ABAQUS. Through careful analyses of test 
results for FRP confined concrete columns, it is found that the plastic dilation angle is a function of axial plastic strain 
and the lateral stiffness ratio. A simple model for the plastic dilation angle is subsequently developed. With the 
implementation of this model, the finite element analysis results fit well with the experimental stress-strain curves for 
columns with both low and high confinement. 
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1 INTRODUCTION
Nowadays, researchers have been exploring suitable models for confined concrete including FRP 
confined concrete to study the behavior of confined concrete structures and develop design guidelines for 
engineering applications. As empirical/semi-empirical models are limited to availability of experimental 
data, the computational constitutive models are attempted more extensively in recent years as it can 
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provide a more general framework for the nonlinear behavior of concrete. Although the concrete 
mechanics is highly complex, some of the principle features can be captured by the constitutive models 
based on the theory of plasticity (Pekau et al.1992).  
A plasticity model suitable for confined concrete should include the following features: pressure 
dependence; path dependence; non-associative flow rule; work or strain hardening; and limited tensile 
strength. It has been demonstrated by Karabinis et al. (2002) that the behavior of simple concrete 
structural members can be accurately estimated by Drucker-Prager (DP) type plasticity model which is 
also adopted in current study. In a plasticity model, the parameters related to friction angle and cohesion 
govern the yielding and hardening criteria, while the parameter related to plastic dilation determines the 
flow rule. Extensive researches have been done on the plastic dilation rate for steel confined concrete 
(Karabinis and Kiousis 1994; Rousakis et al. 2000; Karabinis and Rousakis 2002; Oh 2003). For FRP- 
confined concrete, relatively few works have been undertaken. Mirmiran et al. (2000) and Karabinis et al. 
(2008) adopted a constant plastic dilation rate in some studies. However, Yu et al. (2010) showed that the 
plastic dilatation rate varies with the plastic strains and the lateral stiffness. In this study, the plastic 
dilation for FRP confined cylinder is extensively investigated, leading to a model for finite element 
analyses of FRP confined concrete.  
2 DRUCKER-PRAGER PLASTICITY MODEL 
The DP model was proposed by Drucker and Prager in1952. It can well describe pressure-sensitive 
materials such as rock, soil and concrete. Similar to other plasticity models, there are three criteria 
controlling the framework of DP type model and hence the accuracy of predictions by the model. The 
numerical studies in this paper are based on the linear extended DP model that is built in the commercial 
software ABAQUS. Details of the model are briefed in the following sections. 
2.1 Yielding criterion and Hardening/softening criterion 
The yielding function for the DP model is in the form of  
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in which the subscript c denotes axial direction and l represents lateral direction; ș is the friction 
parameter, which is the slope of the yield surface in the stress space; k is the hardening/softening function 
which governs the development of subsequent yielding surface. The function f(K) is an indirect 
expression of Lode’s angle combining second and third invariant of deviatoric stress, J2 and J3. K is a 
material parameter that accounts for stress-path with the variation of shear strength under a given 
hydrostatic pressure and determines the shape of yielding function in deviatotic plane, ranging from 0.778 
to 1. In the case of uniform confinement, f(K) equals to 3 irrelevant to K.  
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2.2 Flow rule 
In the DP model, the plastic potential function G governs the flow rule. The increments of plastic 
strain can be found by, 
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Where Ȝ is a non-negative scalar parameter; ȕ , the plastic dilation angle, is directly related to the slope 
of plastic volumetric strain, pvH , and shear strains, 
p
sH , which is of great significance in the mathematical 
modeling of pressure dependent material (Rousakis et al. 2008). In the case of uniformly confined 
cylinder, 
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in which Į is termed as the plastic dilation rate; E and v are the elastic Young’s modulus and Poisson’s 
ratio, respectively. A negative ȕ value indicates a volumetric compaction tendency while a positive value 
indicates a volumetric expansion tendency. A transition point arises when ȕ is zero in volumetric 
deformation. Here a compression is considered as a negative value and tension positive. 
3 PLASTICITY DILATION 
In a passive FRP confining system, the lateral dilation of concrete induces linear elastic confinement 
from FRP. Figure 1a illustrates typical volumetric deformations. The volumetric deformation rate will 
vary during loading and be influenced by the lateral stiffness, 2Eftf/D. As the elastic volumetric 
deformation is always in compaction and developed in a relatively constant rate, the plastic volumetric 
strain contributes more to the change in total volumetric deformation (see Fig. 1b). Therefore, accurate 
prediction on plastic deformation counts in the DP type plastic model. 
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Figure 1: Volumetric deformation for FRP confined concrete 
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3.1 Previous studies 
Previous studies on the plastic dilation started from steel confined cases. Karabinis and Kiousis (1996) 
modeled the dilatation rate in an asymptotic relationship with plastic strains. Oh (2003) proposed a 
monotonic function regressed from the data generated from empirical models for active confinement. In 
the case of FRP confinement, Karabinis and Rousakis (2002) initially adopted their previous asymptotic 
function. The plastic dilation rate decreased from -0.6 to 3 , which indicates plastic volumetric 
compaction only and ends in zero lateral-to-axial plastic strain ratio. Rousakis et al. (2008) recently 
suggested a constant dilation rate for different concrete strengths while the constant varies with the 
modulus of confinement. Mirmiran et al. (2000) found a zero plastic dilation rate could give reasonably 
close prediction for C29.6 concrete with 6 plies of FRP through a trial-and-error procedure but pointed 
out that the constant rate could not represent the true dilation tendencies. Yu et al. (2010) demonstrated 
that the flow rule reflects the effect of plastic deformation and the rate of confinement increment can lead 
to reasonably close prediction of the behavior of FRP-confined concrete. They presented the procedures 
for obtaining the variation of the potential function parameters. However, a systematic and feasible 
method was not provided. 
3.2 Test observation 
The test data collected in this work include 6 FRP confined specimens (diameter D = 152 mm and 
height H = 305 mm) tested by Teng et al. (2007), 23 FRP confined specimens (diameter D = 152 mm and 
height H = 305 mm) tested by Jiang et al. (2007) and 5 control specimens (D = 150 mm and H = 300 mm) 
tested by Wang et al. (2008). The unconfined concrete strength ranges from 30 MPa to 50 MPa. From the 
test data, ȕ is calculated from Eqs. 5-6, the corresponding E calculated through ACI 318 formula and v set 
as 0.2. A similar trend is observed in all curves that relate ȕ with the axial plastic strain in absolute value 
as illustrated in Fig. 2a. ȕ begins from a negative value, ȕ0, and increases to the maximum point, (İpcr, ȕm). 
Afterwards, it decreases to an asymptotic value, ȕu. Figure 2b shows a series of such curves with variation 
in lateral stiffness of FRP and unconfined concrete strength. The comparison shows that the descending 
curve moves downward with the increase in lateral stiffness relative to unconfined concrete strength 
(2Eftf/Df’c0). 
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Figure 2: Plastic dilation curves obtained from tests 
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3.3 Proposed model 
The typical plastic dilation curves in Fig. 2 can be well represented by the following equation: 
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where a, b, c, d and E0 are coefficients to be determined. Careful study of the critical values ȕm, İcr, and 
ȕu in Fig. 2a reveals that these values are closely related to the relative lateral stiffness ratio  
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with the relationships as shown in Fig. 3. The initial value and slope of E are not affected by U and can 
be represented by the following constants 
0
0 00
( )37 , 157000
p
c
pp cc
d M
d H
E HE
H  
   . (9) 
 
ȕm= -1.0664ȡ + 64.514
ȕm = -0.3792ȡ + 39.85
ȕu= -2.8ȡ + 60
-60
-40
-20
0
20
40
60
80
0 20 40 60 80 100 120 140
ȡ
ȕ
R2 = 0.9803
ȕu=-38.17
R2 = 0.8738
(a) 
İpcr= 0.0059ȡ
-0.3672
R2 = 0.6553
0
0.001
0.002
0.003
0.004
0.005
0.006
0.007
0 20 40 60 80 100 120 140
ȡ
İpcr
(b) 
Figure 3: ȕm, İcr, and ȕu 
From the relationships for ȕm, İcr, and ȕu in Fig. 3, the coefficients in Eq. 7 can be derived to give  
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3.4 Discussions 
Subjected to uniaxial compressive loading, both concrete core and FRP expand laterally due to the 
Poisson’s effect. The concrete core will exhibit larger lateral dilation after the damage induced by 
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microcracking which causes faster lateral expansion and a larger Poisson’s ratio of the concrete. The 
confinement will not take effect until the lateral-to-axial strain ratio of the concrete larger than the 
Poisson’s ratio of the jacket. Therefore, ȕ will take an initial negative ȕ0 (volumetric contraction) that is 
irrelevant to the lateral stiffness ratio, similar to unconfined concrete. When the axial load increases, the 
microcracking in concrete develops quickly and hence E increases quickly. Once the confinement takes 
effect, the lateral constraint from jacket will counteract concrete lateral expansion, leading to a reduced 
rate of increase of E. At a particular lateral confinement, ȕ reaches its peak ȕm and starts to reduce, which 
indicates the beginning of decrease in the expansion rate. When the interaction between the jacket and the 
concrete is stabilized, ȕ decreases to an asymptotic value, ȕu. It is obvious that the higher the lateral 
stiffness is the larger constraint FRP can exert. As a result, an increase in the lateral stiffness ratio will 
decrease ȕm and ȕu, as well as İcr indicating an earlier onset of the turning point, which can be clearly seen 
in Fig. 3. However, the damage cannot be prevented before the lateral-to-axial strain ratio of concrete 
reaches the Poisson’s ratio of FRP. Clearly, a stiffer jacket or a larger U will cause an earlier onset of the 
peak point in Fig. 2b which leads to the reduction of İpcr with an increase in U, as shown in Fig. 3b. 
However, this reduction slows down and stabilized to a value around 0.001. Similarly, the inability to 
further prevent damage in concrete, when U further increases after a sufficiently large value, slows down 
the slope of the ȕm vs. ȡ curve. Meanwhile, ȕu will approach to a lower bound at large U values as a further 
increase in the stiffness of the FRP jacket cannot further restrain the lateral expansion to a smaller rate 
than the Poisson’s ratio of FRP. 
4 VERIFICATION OF PROPOSED MODEL 
4.1 Implementation of finite element analysis in ABAQUS 
The concrete column is modeled as 1/8 of a cylinder in the modeling with appropriate boundary 
conditions. The FRP sheet is modeled as elastic laminar with orthotropic elasticity in plane stress without 
bending stiffness. The elastic modulus of FRP is only designated in the fiber direction. Its corresponding 
Poisson’s ratio is set as 0.3. There is no relative slip between FRP and the concrete. The loading is under 
axial displacement control applied on the top of the concrete, without applying directly on the FRP. The 
concrete is considered to be isotropic elastic body. The elastic modulus, E, is calculated in accordance 
with ACI 318. The Poisson’s ratio, v, is set to be 0.2. With the assumption of a concrete friction angle of 
54° (Yu et al. 2010), the hardening parameter k for each specimen can be calculated through the yielding 
surface function (Eq. 1) from test data under certain axial plastic strain. For a particular axial plastic strain, 
the hardening function k(İ) can be obtained. For a particular specimen, there is a certain loading history or 
path in the stress space. Therefore, it is irrelevant to the yielding and hardening rule on the FEA results. 
The proposed plastic dilation curve (Eqs. 10-11) is inputted into ABAQUS as tabular data through SDFV 
option. 
4.2 Sensitivity study 
As constant E value was adopted in the previous studies by many researchers, there is a possibility that 
the stress-strain response is insensitive to the plastic dilation curve. Therefore sensitivity study is 
undertaken to find out how sensitive of the parameter ȕ0, M0, ȕm and ȕu are to the stress-strain curve. The 
reference specimen is a C39.6 cylinder with 2 layers of glass FRP (Teng et al. 2007). The base values for 
the four parameters are -50.86°, 125863, 52.6° and 35.4°, respectively. With a 50% deviation from the 
base value of ȕ0 and M0, the difference is 2.3% and 2.4% for the axial strain, respectively. However, a 
20% deviation for ȕm will induce over 30% difference in the axial strain; and a 30% deviation for ȕu will 
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cause 12% difference in the axial strain. Therefore the stress-strain response is sensitive to ȕm and ȕu but 
insensitive to the variation of ȕ0 and M0. 
4.3 Verification
The plastic dilation angle calculated with Eqs. 10-11 has an average correlation coefficient of 0.874 to 
the test results (Table 1). The test specimens in Table 1 have 14 different types. The simulation results 
can well predict the compression strength and its corresponding strain at FRP rupture (Fig.4). The average 
errors are 1.48% and 5.79% for strength and axial strain, respectively (Table 1). Considering the test 
scattering of 5.9% in strength and 16.6% in strain between different specimens in the same category, the 
FEM results are considered as excellent. The correlation coefficients are as high as 0.9996 and 0.982 for 
strength and its axial strain, respectively. Therefore proposed model performs well for these columns.  
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Figure 4: Simulation and test results comparison 
5 CONCLUSION 
The plastic dilation model is essential for FEM analyses of FRP-confined concrete using DP plasticity 
model. Different from actively-confined concrete, the plastic dilation angle varies with the axial plastic 
strain and the lateral stiffness ratio. An explicit model for the plastic dilation angle is developed in this 
work through analytical study of test results and FEM simulations by ABAQUS. The good agreement 
with test results in both the dilation angle itself and the predicted stress-strain response curves 
demonstrates the accuracy and effectiveness of the proposed model.  
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Table 1: Comparison of simulation and test results 
Source Specimen ID 
Specimen 
No 
f’c0 
MPa 
Fiber 
type 
 Ply 
  No 
R2 ȡ İc İc (FEA) 
Error 
(%) fcc' 
fcc' 
(FEA) 
Error 
(%) 
Teng et al. 
(2007) 
C39.6GF1 2 39.6 glass 1 0.871 4.52 0.00298 0.00302 1.25 41.2 40.86 0.70 
C39.6GF2 2 39.6 glass 2 0.868 9.05 0.01977 0.01741 11.95 55.5 56.8 2.43 
 C39.6GF3 2 39.6 glass 3 0.693 13.57 0.02175 0.01979 9.01 63.3 65.0 2.62 
Jiang et al. 
(2007) 
C33.1GF1 2 33.1 glass 1 0.979 5.41 0.01285 0.01205 6.26 42.0 42.4 0.88 
C45.9GF1 2 45.9 glass 1 0.936 3.90 0.00298 0.00302 1.25 47.2 46.8 0.87 
 C45.9GF2 2 45.9 glass 2 0.887 7.81 0.01227 0.01326 8.08 54.0 53.0 1.78 
 C45.9GF3 2 45.9 glass 3 0.791 11.71 0.01729 0.01750 1.20 65.3 65.3 0.12 
 C38CF4 2 38 carbon 4 0.869 56.67 0.02582 0.02717 5.25 108.8 110.8 1.91 
 C38CF6 2 38 carbon 6 0.856 85.01 0.02938 0.03069 4.45 132.4 134.4 1.53 
 C38CF8 2 38 carbon 8 0.915 113.35 0.03622 0.03390 6.39 159.9 164.7 2.98 
 C37.7CF1 2 37.7 carbon 1 0.913 9.98 0.00905 0.00914 0.96 49.4 48.9 0.99 
 C44.2CF1 2 44.2 carbon 1 0.975 8.51 0.00789 0.00736 6.70 49.6 50.2 1.19 
 C44.2CF2 2 44.2 carbon 2 0.852 17.03 0.01165 0.01297 11.37 64.3 64.1 0.31 
 C47.6CF3 3 47.6 carbon 3 0.955 22.85 0.01687 0.01569 7.01 84.6 86.6 2.42 
Acknowledgements 
       The work described in this paper was fully supported by a grant from the City University of Hong 
Kong (Project No. 9231016). The authors are also grateful to Professor JG Teng’s group for providing the 
test data and Dr GM Chen for his help on the use of ABAQUS.  
References 
[1] A. Mirmiran1 and M. Shahawy (1997). Dilation characteristics of confined concrete. Int J Mech Cohesive-Frictional 
Materials. 2(3), pp. 237–249 
[2]  B. Oh (2003). A plasticity model for confined concrete under uniaxial loading. Ph.D Thesis. Department of civil engineering, 
Lehigh University. 
[3] J.G. Teng, T. Yu, Y.L. Wong, and S.L. Dong (2007). Hybrid FRP-concrete–steel tubular columns: Concept and behaviour. 
Construction and Building Materials. 21(4):846–54. 
[4] T. Jiang and J.G. Teng (2007). Analysis-oriented stress-strain models for FRP-confined concrete. Engineering Structures. 
29(11), pp. 2968-2986. 
[5] L. M. Wang and Y.F. Wu (2008). Effect of corner radius on the performance of CFRP-confined square concrete columns: 
Test. Engineering Structures. 30(2), pp. 493-505. 
[6]  T. Yu, J.G. Teng, Y.L. Wong, and S.L. Dong (2010). Finite Element Modeling of Confined Concrete-I:Drucker-Prager Type 
Plasticity Model. Engineering Structures. 32(3), pp. 665-679. 
[7]  T. C. Rousakis , A. I. Karabinis, P. D. Kiousis and R. Tepfers (2008). Analytical modelling of plastic behaviour of uniformly 
FRP. Composites Part B:Engineering. 39(7-8), pp. 1104-1113 
